Analysis 1: Aug-Nov 2026

Exercises (31 Aug 2026).
Part 1

Throughout this set of exercises, {a, : n > 1), (b, : n > 1), (¢, : n > 1), {d, : n > 1), represent sequences
of real numbers. In each of the following questions, prove if statement is true and give a counter example if
not true.

(a) Suppose |a,| < 10° for all n > 1. Then 3 subsequence {(a,, : k > 1) of (a, : n > 1), such that
(an,, : k > 1) converges.

(b) If —oco < liminf,, a, < limsup,, a, < co. Then the sequence (a, : n > 1) is bounded.
(¢) If —oco < liminf, a, = limsup,, a, < co. Then the sequence (a, : n > 1) is convergent.

(d) Let ap, > 0 for all n and let ¢} = max{a; : 1 < j < n}, b, = 2. If (b, : n > 1) converges, we can
conclude that (a, : n > 1) is convergent.

(e) Let a,, > 0 for all n. For m > 1 let by, = 2™agm. If the series ) by, is convergent, then the series
>, Gn is also convergent. (if true, prove from first principles).

(f) Let s, = > p_jar and t,, = > o_,a}. If (s, : m > 1) converges (to a finite number s € R), then
(tn : m > 1) also converges.

(g) Suppose a, < b, < ¢, and up, = > 4 jar and t, = >, bp and v, = > _; ¢k If (u, :n > 1) and
(vn :m > 1) converge in R then the series ) b, converges absolutely.

Part 2

Throughout this set of exercises, f,g, f, (for n > 1) are continuous functions from A C R to B C R. In each
of the following questions, prove if statement is true and give a counter example if not true.

(a
(b
(c
(d

) Suppose A = [a, b] for some a,b € R. Then J¢,d € R such that B C [e,d].

) Suppose A C (a,b) for some a,b € R. Then Jc,d € R such that B C (¢, d).

) Suppose A = [a, b] for some a,b € R. Then Ju,v € A such that f(u) < f(z) < f(v), Va € A.

) Suppose A = [a, b] for some a,b € R with f(a) > 0 and f(b) < 0. Let up =1 and vy = b. We will define

Up, Up, inductively as follows. For n > 0 let ¢, 11 = %(un +v,). If f(cne1 > 0, then u,y1 = cpyq and
Upt1 = vy, and if f(c,11 < 0, then then w,+; = u, and v,41 = ¢pa1. Then

(1) f(up) >0 and f(v,) <0 for all n.
(ii) |vp —un| < 277b — al
(iii) (u, : m > 1) converges to u* such that f(u*) =0.

(e) Suppose B C (0,00). Let h(x) = ’;Ei; for x € A. Then h is continuous.

(f) Suppose B = A and let h(z) = g(f(z)) for x € A. Then h is continuous.

(¢) Let A =10,10]. Show that f is uniformly continuous, i.e. Ye > 0 3§ > 0 such that z,y € A, |x —y| < §
implies | f(z) — f(y)| < e.

(h) Let A =[-10,10] and for z € A and n > 1, let f,(z) = > _, % Then for all x € A, f,(x) converges
to (say) f(x) and further Ve > 0, In* such that |f,(x) — f(z)| < e for all z € A and n > n*.



