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1. (@) scalsr multiple

(b) 2022e,+ez:(2022—~)e +—(e.+rez) Answer : { 1

2. blank: Alx-9)=0

I © Rows )ndep (None)

(Nowe)

(Nore) ol Indlep
T & Cols span R (None)
L & Pivel ineadow (th@)

Rows span R < T
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(me) Prvst in edch col & T
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OREK:

(C> M = an& Soluton 0? A holfmge_neou: Sjstem of A equa*HShJ (Qqua')%)er for e
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3. (&) The three nonzero rous of
the malrix on the board, which i«
In YOW echelon %YW\ (Chot reduced REF
but that doesst matter)

(b> {V\ Y \/4} pivot cokof given ot

(nor) (€] dlim it =2 4 bm
=1 o1
%k Eig
/ abe I

entries of AM and MA) in 0" variables (entries ofF M). We cn solve thic jn

the usual way by row reduction. Solutions \will form o vector Space (eg in (b)

Hne dim of solution §pace is 2)'
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Hw 2 Ghswen

22 + 3~|) @ Yes {Eir, EgvEji6<)) J s one baric
(6) No (0 is et invertible) ©) Yes

33) Let ax+b cocx + Ce1= o function for apcel, le. equation is true for each vea| Value of .

Substitute suitable Values for % 4o deduce A, b, ¢ must all be O by so\V‘mj a system of &.
You can play other gomes e9. toke lim _ (why valid) o first get 0=0 , then b=o and henee C=0 (how 7>

3'7) Let €, -, em be the standaed basiof R and
let £, - Fin be the standaid basisof "

See that € f,t = EU (matrix unitc) ond thee form a basdy of R

_ ™

Fix 1 and |- Then € = quxk (as Xy span R”) and
1€Lém )< €N N

L . L= o ‘ .
Now SH TCJ = (kzakxk> (% bl\/,_)t = Z qk IoL Xk\)t,b IS In the Span o7C H\e ghen cet Xk\//l
KL
v
So X Vi ks a set of mn vectors that span a vspace of dim min. Thus the gven st is @ basis.
123 12 2l )
41) (a) S]/\Ob) \’é 17_ }]%}CHWIO' (b) So\Ve\»g |7_ }][IZ]:[?z_J

Lfg) Sketch: write B)’-(wl ,“1,~--/’*)h):qrb)7LTW5 bags. W te
Wy = AV, + Oy, U‘*""'O‘Y\'IUY\
Mabix A= (@) s a0 invertible matnx SSMLO]im)’j in terms of'}“j)’&(veﬁw_/ we have
[w,----wh] = [»-v] A
G \En operations (0, Giy i)y ameunt to using A = an elementary matrix

As any Javertible A canbe written as & product of e]emenquj ymjcyices/‘Hwe vesult follows.

£> A voul T2 0 12 7h ] Row operations preserve row space and do
redince g O ) -3 I/’z_ Not C)'w\hﬁe, (in)&erenden(e of colurms.
O O o O D) “. Bas's of vow space of A = the two nonzero rows of R
l

Basis of lspace of A = 15* and 34 columns of A (cols of Ryith
pivots)

)
R



=2 -3 /) .
AX — 0 & R)(::.O . Geneyﬂ) go}uﬁah = Xy O’JH‘*E "‘Xs]:_ﬁ”} These three vectore Gre indep-
9 l v J(see slots 24,5)sabasis of null space
|

T i

7> REF(A) Ihew GT wort one P'lvojc in tach row and at et one F)\/o’r in each col-

table
Thus any two of 1 iiii imP)ﬂ RREF(A)=T14 wWhidn )m);liex all three statements

FVOW\ (]\3 fomne) RIZEI:(A) lf\O\f a P.Nok 1N ead Co[umn (1-eno -F{ee. \[awjak’e_r>
U &> RREF(A) has « P'No‘c INn each Yow

©) If A s invertible, i Ax ic the inverse function of x o Ax.

@) AsSume (0 Tf Ax=o ther LAx=0 ie Ix=x=0.50 xt-Ax is injective: Use probkm 7.

) Agsume @) Then ARb=Ib=b- So x=Rb sokes Ax=b . Thus X — Ax is swjective- Use problem 7.

® Assume @) Then E-EA=T where E=E;- & is a product of e[ernm{—a/vj matrices ;-
Therefve A= B E becavse Li are invertible: Each §' is oo om elementiry
matrix (emcoo()inﬁ the veverse of the vow afem’mm Corre__cpohd{nj 1o g,‘))giw'ng ().

(M Product of javetible matrices s 'm\(@/%\ble,.(w)":\(_li' by incpection



Hw 3 answers

Ale +420b) Stoigtfrward  B=BP ey in41a [are, el [¢,e] [1-]

Sa\j it rol <= [_al J
I Z1>_”‘@’€ Is QXM‘H_'] 6ne [l'\eﬂrb Indep Yow, [equ'\za)enjr)y COIUWV‘") Gnd OJ/ oJEAM
o o N Both vector can
are scalar multiples of it Then A = 1% A ) ) ke scaled b
NN Az Cn - Nonzem sca\l‘z‘rs
by An o i Yeciprocal to
Mo | D each otfer.

mx|  IxA

21) A an, = Taue: 8= [ 01,25 < T bye

M AM R First column of desived matrx
AN
Qnby &b | _
eIl [021 bl: a’z'lb’n_] B OLL)“ St bre €2 t azl—bll ez( + azl )9 €,,
€pq Aepq B = Qe rd, by, €1 T Aap gy &2y + Agp bg, €
(awen’>(@m) (bq)8q)
e SIT) SPY e,

a, by Qi1 oy Apby  Qrby 7 &y

DQS" red mq{”‘x = Qb &ubn by Quby | S

OZ' b” 02| b?.) al‘Lbn a?_‘Lbzl €2
Ou b 0alban  02biz Onpy | €

ZLI) S)<QJCC1’1: Doinﬂ an e(emeh{r\fy YOW (Yesyecﬁvely) COI(AMH)OPQYQ'HOV\
on A s ec\m'l\/olenjc 1o Mu\’c'lp|5in3 A on the \eft(reffecfivelj Yight> by an
EIQmmtavy matrix. Thus 1t is e_hougk o show Hat A —— Yor e [I 0]

co) aps oo
NO\’\J A TOW O|9

F this 1 = Yy (musthave k<)) then do Gl = 7 Goly, - This operation does nat

R= REEF(A) Now kill ead nonp;vof en‘try TU bﬁ uslnﬁ the P'lvojc in Hrow:

change any ather entry in R as Y=1 is the only nonzero entry in Coly of R

Now switch columns to move all zero columns to the ngkt, past all P’;\/o% cols



e o There are two cases depending on parity of n.

« If n=2k is even, ker T = %(7(1,7‘1, '-',%)c,‘j‘k,""/“xdcjXf'ém}
Which has dimension )4:% (eg. @-e,,6-¢n ", S, ) Q basis.)
Then b\g A imension Tormula di)/"N('\mﬂ = n-k=k= %

£
* 6 n= 2k4) is odd) ker T = {(XHX?_’..—/ %k,O,—%k/--'/-%)(’CLGWQ}
D CKQ( T): k = Qz_—‘ <€‘/Qh) e Q- be'\nﬁ' a baru)
Jhen by dimensnon formula Dim (i~T) = N—k = —V\;—‘

3'3) Claivn: There is a vector ve | such that T cv for any scalar C.

Proof: TIf not, pick a bass v,,v, and let Th)=qv, T0)= Vv, IF G=g=C then
for any v eV, let V=ol Vi3 Vs Tl)=T (v, +[2v1): o(T(V,)qL/,?T(vl) =C (LY +pV,) = cv.
This Contradicts mhﬂpat}wem that T cCld Thuy G+¢q-

No ) T(VI+V2) =CVi+GV,  which is not a Scalar mu)‘HP)e of ViV, - Thie

Pfoves the cloim:

Pick v ar jn the Claim- As v { v ave lin ir\a\qp and V has
Aimension 2, v, Tv U a basis of V- To write the matrix of T wrt
this basis, We_ writel T(y) = 0-V +1-T(V) )

fT(T(V)) =0V + b TV

| VAR
Desived maotrin= 0 ol v
] b | Tt

7) @), (b) are Straightforward e () by definition Ti+T,(v):= Ti(¥) £ Tolv) .
TorTo i lineow becanse T+To(cv+v') =T (cv+v’) + T (cvev’) and
iow U lineanty of T €T, with commutativity of + in W

(2) Additisn %Sm{ar muliplication in Hom (VW) Satisfy desired properties
due to the same properties in W.



To Fhow Q_qb\a\]itlj of functions "f:@ meang S%DL\}}'nﬁ () = g(x) foreach x& domain

) (SO(TW‘T?,)) (\/) = 5((_\—\#71\&\1\) by defiAtion of o

= S(T\(\/MTL(\/D by Adefinition of T+7

- S(T‘(\/))T S(Tz(\/)) by linﬁm‘,@ of ¢

= (SeT)(W) + BeT)(v)
((5oT 1 BoT) () by defintion of + in Hom(V,0)
= Se(T+h) = (SeT)+(5eT,) These branclate info
Sivilarly T+ T)o e = (ToR)+(ho 1) | didributivity of matriy

multiphication over matrix +.

N

D) @) \| —— W = U

Toa CST) 5(7(\/)) C S(\/\/ Contznnments
dimL L

= 1ank(ST) £ yank(S)
S
Also vank (ST) :( raok of the map T(V) — w> < dim(domoin)
ro\h\lk(’r>
loy di‘mem)on WCUVMV\]C\
o\{p)a%'e)\ Iheve

Iw(ﬂ - —)_(V) c W Slbspace
s )

(b> EQCL) CO( af AR = Jlﬂ Combl'nq{joh OF Colr @F A
(7‘? CJ}&FQCQ of AR < cdl Space o’ﬁ A
= romk (AR) £ vank(p)

cach vow of AB = |in combination of yows of B

= nwgpace of AR < yow cpace of A
= ronk (AR) £ vank(B) (rou rank=col yank)

Rl ‘ ' mulHipli cahion e—@m pas)Hen
(C) Uvmle,\r bOQCng(fh matf1ces <> lin apd Celumn yomk <= rank =
dim (image)



HW 4 answers

51) intersection © and they Span Rnxn (how?)

52) “scalar matriec {CI | ce FIZ}

&1) Eventually constont eguences. One nonexample (@0, - ) where dg=i

Chapter 1

43) Apswer: N+ (bg induction)

46) Sketep) Use our Loomula (omplete &pqvm‘m) 1 see Yhat entrles fom B
cannot ontribuke @me b the O block below A) ond Tema‘minﬁ termy Gan be
grouped to get product (dek A) (et D). [ Lengths of permutodion in A part

and D part add WP]

() straightforward
c1) If A has integer entries, use det(AA) = det(r)det(A)

If clet(A)=%1 then = Cofacbov/adj af A s fv by Thm (€9

M)

( r
a b
Olm )92/
a P

|
cC d
c d
3

c

(bﬂ)((—a)/&#ﬁ)

i ( Limes jc/%if det
—A (- -4 o
- l
& &1)?;/ O boab &Eac d=ad S L
/QZ—O(/Z, O b?> OléL } 7 0\3 d’)— O !9 C 0"1_
\/f _— C —01(‘. —-@ O L'L CL O’

- n  n2 _
I+ LJO()(J )D&A—e( 710 Use a 2 Clear o , A -{:O C/em C‘h;/”” , @ '(:UC)M{QQZ [ o cleara

f/ﬂ&q ‘)/,0 Use %0/7 1 '37) C)Cﬁ/ OL)) )QO[A/CJ/I’I OF A -

@) Wat P(O) = agrajb+ - +a, 17 with PR =b 1=0,--n
This U Qqu\'r\/a)eh} tg s lv'mg the %7[01/1?/\3 ]fm( Oy r N

IR

N

“l;a Qo b ; The coefF matrix is 1nertible b\lj

A — 19, vandermonde determinant. S,

there is a um’qm soluhon-

N A :
e 42“ n — b"\ [N&o See Arbin exqmplg_ 1.2.22 and
Lagrange interpolation formula ]



See HW 2 H#6 sth basis vectors

X) B“IIS O7C dOmam }R — el €5, bass vectors m( Nul /A)

Rass of codsmain IK = Cd)j 1 ond 3 OQLA [ J(OY any \'§5C0| A§)




